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1 Thurstone Model

Let 11, ..., ¥y be the quality values of J stimuli (e.g. PVS). Consider a gener-
ative model:
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where u; is the “observed” quality of stimuli ¢, and ); is the hidden “true” quality

to be estimated. v is the standard deviation associated with each stimuli, and in

the Thurstone Case V model, v is assumed constant for all stimuli, and without
1

loss of generality, let us use v = 7 Assume that stimuli ¢ is preferred over j

if u; —uj; >0, or ; —1; + N(0,1) > 0. We can express the probability of 4
preferred over j as:
Pr(i is preferred over j) = p;; = ®(¥; — ¥;),
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where ®(x) = %ﬂ I e~ 'z dt is the cumulative function of Gaussian distribu-

tion with N(0,1). Let a number of subjects do the paired comparisons (PCs),
and define

a;;  #{iis preferred over j},

ni; : #{paired comparisons between i and j}.

It is easy to see that n;; = a;; + ;. Assume independence between the PCs,
the probability that the counts of i is preferred over j is oy is
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The likelihood function of parameters {t;} given observations {c;} is
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The log-likelihood function is then:

(o t{yi}) = Zlog ( o ) + i log D(Yi — ¥5) + ajilog D(v; — i)

ij
The maximum likelihood estimation (MLE) of the parameters is

{i} = argmax £({a; }[{¥:}),
{i}

which can be solved numerically.

To obtain the confidence interval of the MLE solution, we first calculate the
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first- and second-order partial derivatives. Let f(z) = ®'(x) = %ﬂe_'T be the

probability density of Gaussian distribution with N(0,1), and d(z) = f'(z) =
—z f(x) be the derivative of f(x). The first-order derivative is
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The second-order derivatives are
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Construct the Hessian matrix H = [);;]. Since their is one degree of freedom
dependency in {¢;} since it is scaling-invariant, we construct
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of dimension (J 4 1) x (J + 1). The estimated variances of v; is
Var(y,;) = diag(C)][i]

fori=1,..,J.



2 Bradley-Terry Model

Similar as the Thurstone model, let 11, ..., ¥ be the quality values of J stimuli
(e.g. PVS). Assume that the probability of stimuli ¢ is preferred over j follows
the form:

Pr(i is preferred over j) = p;; = H (i — v¥;),

where 1
H =
(z) 1+e
is the sigmoid function. Similarly, let
a;j @ #{iis preferred over j},
n;; : #{paired comparisons between ¢ and j}.

It is easy to see that n;; = ay; + ;. We can also write:
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Assuming independence between the PCs, the probability that the counts of i
is preferred over j is a;; is

Pr(4i; = ouj) = ( o >P%]p?iﬂ'
1,

The likelihood function of parameters {i;} given observations {a;;} is
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The log-likelihood function is then:

{aijt{vs}) = Zlog ( Zzij ) + ajlog ¥ + ajilog e’ — nyjlog (e¥i + e¥7) .
ij
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Define p; := e¥i, i = 1,...,.J. We can define the log-likelihood function in terms
of {p;} instead:

"
(({auigY{pi}) = log ( o ) + e log pi + aji log pj — nyj log (pi +pj) -
i
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Take the first-order derivative of p;:

ol _ Z Q5 _ Tij
Op; = Pi D +pj




Solving p; for 38—; = 0, we get:
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We can solve for p; (or equivalently ;) iteratively.

To obtain the confidence interval of the MLE solution, we first calculate the
second-order partial derivatives and construct the hessian matrix. The second-
order derivatives are
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Construct the Hessian matrix H = [);;]. Since their is one degree of freedom
dependency in {t;} since it is scaling-invariant, we construct
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of dimension (J 4 1) x (J + 1), and the estimated variances of p;, is
Var(p;) = diag(C)][i],
fori=1,...,J. Since ¢; = logp;, we have di);/dp; = 1/p;. Then

Var(y;) = VaT(Pi)/pz2~



